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FOREWORD 
Many l a r g e  urban agg lomera t ions  i n  t h e  developed c o u n t r i e s  
a r e  e i t h e r  e x p e r i e n c i n g  popu la t i on  d e c l i n e  o r  a r e  growing a t  
r a t e s  lower  t h a n  t h o s e  of  middle-s ized and s m a l l  s e t t l e m e n t s .  
Th is  t r e n d  is i n  d i r e c t  c o n t r a s t  t o  t h e  one f o r  l a r g e  c i t i e s  
i n  t h e  less  developed wor ld ,  which a r e  growing r a p i d l y .  Urban 
c o n t r a c t i o n  and d e c l i n e  i s  g e n e r a t i n g  f i s c a l  p r e s s u r e s  and 
f u e l i n g  i n t e r r e g i o n a l  c o n f l i c t s  i n  t h e  developed n a t i o n s ;  ex- 
p l o s i v e  c i t y  growth i n  t h e  less developed world is c r e a t i n g  
problems o f  urban a b s o r p t i o n .  These developments c a l l  f o r  t h e  
r e f o r m u l a t i o n  o f  u rban  p o l i c i e s  based on an improved under- 
s t a n d i n g  o f  t h e  dynamics t h a t  have produced t h e  c u r r e n t  p a t t e r n s .  
During t h e  p e r i o d  1979-1982, t h e  former Human S e t t l e m e n t s  
and S e r v i c e s  Area examined p a t t e r n s  of  human s e t t l e m e n t  t r a n s -  
fo rma t ion  a s  p a r t  of  t h e  r e s e a r c h  e f f o r t s  o f  two t a s k s :  t h e  
Urban Change Task and t h e  Popu la t i on ,  Resources ,  and Growth 
Task. T h i s  paper  was w r i t t e n  a s  p a r t  of  t h a t  r e s e a r c h  a c t i -  
v i t y .  Its p u b l i c a t i o n  was de l ayed ,  and it i s  t h e r e f o r e  be ing  
i s s u e d  now a  few months a f t e r  t h e  d i s s o l u t i o n  o f  t h e  HSS Area. 
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former Chairman 
of t h e  Human S e t t l e m e n t s  
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URBAN SYSTEM POPULATION DYNAMICS: 
INCORPORATING NON-LINEARITIES 
INTRODUCTION 
The purpose of t h i s  paper i s  t o  examine t h e  popu la t i on  
dynamics i n  a  system of c i t i e s  where t h e  p r o b a b i l i t y  of migra- 
t i o n  between any p a i r  of c i t i e s  i s  n o t  c o n s t a n t ,  b u t  depends on 
t h e  popu la t i on  d i s t r i b u t i o n .  I n  t h i s  s e n s e ,  I s h a l l  cons ide r  
a  g e n e r a l i z a t i o n  of t h e  models p ioneered by Rogers (1975) .  
However a t t e n t i o n  w i l l  be r e s t r i c t e d  t o  t h e  s i m p l e s t  p o s s i b l e  
g e n e r a l i z a t i o n ,  of t h e  form: 
where a t  t ime t , m i j  ( t )  i s  t h e  mig ra t i on  r a t e  from c i t y  i t o  
c i t y  j ;  n  i s  t h e  popu la t i on  of c i t y  j ;  and f i j  i s  a  time j  t 
independent  c o n s t a n t  pa rame t r i z ing  t h e  r a t e  of mig ra t i on .  
Th i s  v e r s i o n  i s  analyzed f o r  t h e  s imple  reason  t h a t  some 
a n a l y t i c a l  r e s u l t s  a r e  o b t a i n a b l e .  Although it i s  p o s s i b l e  i n  
p r i n c i p l e  t o  w r i t e  down t h e  dynamic equa t ions  f o r  any f u n c t i o n a l  
r e l a t i o n s h i p  between m i j  ( t )  and t h e  v e c t o r  of popu la t i ons  a t  
t ime t ,  only  e lementary  c a s e s  have been analyzed wi th  any degree  
of succes s  (Weidrich and Haag 1980) .  
This problem has been previously analyzed by others: 
notably Ledent (1978), Okabe (1979), and De Palma (1982). 
However each of these authors solved a different, and in Okabe's 
case an inconsistent, version of this model. Appendix A of 
this paper demonstrates how the formulation chosen here is 
superior to these other attempts. 
Three cases of population dynamics will be considered: 
the redistribution of population under the assumption of zero 
population growth; population dynamics incorporating natural 
increase; and change when exogenous limits are imposed on the 
population of cities. The next section discusses the formula- 
tion of these three cases as non-linear continuous time models, 
and subsequent sections analyze the stability and equilibrium 
properties of each case in turn. The equilibrium points may 
be interpreted as possible long run city-size distributions, 
and in each case I shall attempt to demonstrate how these 
equilibrium points and their stability may be computed, sug- 
gesting in turn how the model may be used to analyze empirical 
data. Throughout, the effect of age distributions will be 
ignored; once again an introduction of this qualitatively 
increases the complexity of the analysis (Gurtin and McCamey 
1974) . 
1. BASIC FORMULATIONS 
Consider first the case of zero population growth. Then 
the population at time t+At is the sum of non-migrants, migrants 
staying within the city, and inmigrants: 
where r is the instantaneous rate of mobility of the popula- j 
tion in city j (the proportion migrating at any instant of 
time), and Mij (t,t+At) is the proportion of the migrant popula- 
tion in city i that migrate to city j between t and t+At. The 
i n t r o d u c t i o n  of  r imp l i e s  t h a t  a  mover-stayer model i s  being j  
ana lyzed ,  b u t  c a s e s  w i l l  a l s o  be examined where t h e  p ropor t i on  
of s t a y e r s  i s  an endogenously determined func t ion .  
The migra t ing  popu la t i on  i s  taken t o  be: 
where 
Here g ( y , )  i s  a  t ime  independent  measure of t h e  in s i t u  a t t r a c -  
J 
t i v e n e s s  of  c i t y  j  f o r  mig ra t i on ,  and d i j  i s  a  measure of t h e  
ea se  of mig ra t i on  from i t o  j .  Def ining:  
- f i j  - 9 ( y j ) d i j  
t hen  : 
I t  i s  r e a d i l y  appa ren t  from equa t ion  ( 6 )  t h a t  m ig ra t i on  r a t e s  
a r e  g iven by a  g r av i ty - type  of fo rmu la t i on .  A s  d i s c u s s e d  above, 
t h e  reason f o r  choosing equa t ion  ( 4 )  i s  d e t a i l e d  i n  Appendix A. 
To summarize, e q u a t i o n  ( 4 )  gua ran t ee s  t h a t  t h e  i n i t i a l  popula- 
t i o n  i n  a  c i t y  e q u a l s  t h e  sum of  s t a y e r s  and a l l  migran ts :  
By s u b s t i t u t i n g  ( 4 )  i n t o  t h e  r ight-hand s i d e  of  (7 )  it can be 
seen t h a t  ( 7 )  i s  t r u e  by d e f i n i t i o n .  This  i s  of cou r se  j u s t  an 
o r ig in -cons t r a ined  g r a v i t y  fo rmula t ion .  
Def ining Ait a s  equa l  t o  1 nktfik, ( 6 )  becomes: 
k  
This  may be conver ted  i n t o  a  con t inuous  t ime dynamic equa- 
t i o n  by s u b t r a c t i n g  n  from both  s i d e s  d i v i d i n g  through by j t  
A t  and t a k i n g  t h e  l i m i t  a s  A t  t ends  t o  ze ro :  
d n .  3 t  / d t  = njt[; r in i t f i j~; :  - r j  ] 
Equation ( 9 )  r e p r e s e n t s  t h e  f i r s t  model t o  be ana lyzed ;  popula- 
t i o n  r e d i s t r i b u t i o n  w i th  ze ro  popu la t i on  growth. 
A n a t u r a l  g e n e r a l i z a t i o n  of ( 9 )  t h a t  remains s imple  enough 
f o r  e lementary  a n a l y s i s  i s  t o  assume t h a t  t h e r e  i s  a  c o n s t a n t  
i n s t an t aneous  r a t e  of n a t u r a l  i n c r e a s e ,  B i t  i n  c i t y  i. A s  a  
c o u n t e r p a r t  t o  equa t ion  ( 7 ) ,  t h e  popu la t i on  dynamics of an 
expanding system must s a t i s f y  t h e  account ing  i d e n t i t y  t h a t  t h e  
t o t a l  popu la t i on  i n  c i t y  i a t  t i m e  t ,  p l u s  t h o s e  born t o  t h a t  
popu la t i on  between t and t+At ,  should  equa l  t h e  s t a y e r s  i n  i f  
p l u s  a l l  m ig ran t s ,  p l u s  t h o s e  born t o  t h e  s t a y e r s  and migran ts  
between t and t+At:  
I t  may be seen t h a t  i f  m i j  (t) i s  given by ( 4 )  , t hen  ( 1  0)  
i s  t r u e .  Thus a  s a t i s f a c t o r y  model of popu la t i on  change wi th  
n a t u r a l  i n c r e a s e  i s :  
Taking f i r s t  d i f f e r e n c e s  of  ( 1 1 ) ,  and t a k i n g  t h e  l i m i t  a s  A t  + 0 ,  
2 it i s  p o s s i b l e  t o  i g n o r e  t e r m s  of t h e  o r d e r  of  ( A t )  . Thus 
under t h i s  presumption t h a t  t h e  p r o b a b i l i t y  of two e v e n t s  ( b i r t h  
and mig ra t i on )  occu r r ing  s imul taneous ly  i s  n e g l i g i b l e :  
d n .  / d t  = n  
I t  
r . n  f . . ~ - '  - r j  + ~~1 j t [ f  r it 1 3  it  ( 1 2 )  
Equation ( 1 2 )  r e p r e s e n t s  t h e  second model t o  be analyzed.  Note 
t h a t  i n  t h i s  cont inuous  v e r s i o n  it i s  n o t  impor t an t  whether i n  
t h e  d i s c r e t e  t ime  c a s e  b i r t h s  were assumed t o  occur  a t  t h e  
beginning o r  t h e  end of t h e  t ime pe r iod .  Oncesecond-order terms 
a r e  ignored t h e  con t inuous  t i m e  v e r s i o n  i s  i d e n t i c a l  i n  each 
c a s e .  
The model w i t h  n a t u r a l  i n c r e a s e  and mig ra t i on  of equa t ion  
(13)  ha s  a  p r o p e r t y  t h a t  i s  u n r e a l i s t i c .  Popula t ion  growth 
and inmig ra t i on  r a t e s  a r e  s t r i c t l y  p r o p o r t i o n a l  t o  t h e  s i z e  of 
t h e  c i t y .  Th is  i m p l i e s  t h a t  c i t i e s  can i n  p r i n c i p l e  grow t o  an 
un l imi t ed  s i z e ,  which i s  i n c o n s i s t e n t  w i th  r e c e n t  t r e n d s  i n  
Europe and North America ( K o r c e l l i  1980) .  The phenomenon of 
coun te r -u rban iza t i on ,  o r  r eve r sed  p o l a r i z a t i o n ,  i s  of cou r se  
n o t  a  p u r e l y  demographic one. The r a t e s  of popu la t i on  growth 
of l a r g e  c i t i e s  depend on a  complex of s o c i a l ,  p o l i t i c a l ,  and 
economic f o r c e s  which i n f l u e n c e  t h e  l o c a t i o n s  a t  which jobs 
and o p p o r t u n i t i e s  f o r  s o c i a l  advancement a r e  a v a i l a b l e .  A uni-  
v a r i a t e  popu la t i on  model i s  c e r t a i n l y  inadequa te  t o  c a p t u r e  t h i s  
phenomenon. However, one way of r e p r e s e n t i n g  l i m i t s  t o  growth 
i n  i n d i v i d u a l  c i t i e s ,  whi le  main ta in ing  t h e  r e l a t i v e  s i m p l i c i t y  
of a  pu re ly  demographic approach i s  t o  s p e c i f y  an upper l i m i t ,  
qi ,  on t h e  popu la t i on  of c i t y  i. 
To c o n s t r u c t  a  model of urban popu la t i on  change wi th  l i m i t s  
t o  growth, t h e  fo l lowing  two concepts  a r e  s u f f i c i e n t :  
where Nit  = ( 1  + B i t A )  nit and Ai ( n )  = 1 (qk - nkt) nktfik. Equa- k  
t i o n  (13)  s t a t e s  t h a t  t h e  r a t e  of popu la t i on  i n c r e a s e  i n  c i t y  
i i s  bounded above by i t s  c a p a c i t y ,  qi. Equation ( 1 4 )  s t a t e s  
t h a t  t h e  number of migran ts  from c i t y  i t o  c i t y  j  i s  t h e  product  
o f :  t h e  p o p u l a t i o n  of  c i t y  i i n c l u d i n g  n a t u r a l  i n c r e a s e  ( N  ) ;  it 
and t h e  f r a c t i o n  o f  m i g r a n t s  moving t o  c i t y  j .  The l a t t e r  t e r m  
depends  l o g i s t i c a l l y  on t h e  s i z e  o f  c i t y  j  r e l a t i v e  t o  i t s  max- 
i m u m  s i z e .  Thus as a c i t y  grows it becomes i n i t i a l l y  more and  
more a t t r a c t i v e  t o  m i g r a n t s ,  b u t  as it a p p r o a c h e s  i t s  maximum 
s i z e  t h i s  a t t r a c t i v e n e s s  r e d u c e s  a g a i n  t o  z e r o .  The c o n s t r a i n t  
imposed by A . ( n )  e n s u r e s  t h a t  t o t a l  m i g r a t i o n  o r i g i n a t i n g  i n  i 
1 
e q u a l s  t h e  m o b i l e  p o p u l a t i o n  o f  i: 
P o p u l a t i o n  change  i n  c i t y  i i s  t h e n  t h e  sum o f  m i g r a t i o n  
[ e q u a t i o n  ( 1 5 ) ] ,  and  n a t u r a l  i n c r e a s e  i n  t h e  immobile  p o p u l a t i o n :  
N e g l e c t i n g  t h e  second  o r d e r  t e r m s  
Tak ing  d i f f e r e n c e s ,  d i v i d i n g  t h r o u g h  by A t ,  r e c a l l i n g  e q u a t i o n  
( 1 3 ) ,  and  t a k i n g  t h e  l i m i t  as A t  + 0 :  
d n .  / d t  = 1 r i n i t ( q j  - n  ) n  f ,  .A- '  ( n )  
3  t i j t  j t  1 3  i t  
E q u a t i o n  ( 1 8 )  r e p r e s e n t s  t h e  t h i r d  model t o  be a n a l y z e d .  u n f o r -  
t u n a t e l y ,  e q u a t i o n  ( 1 8 )  a s  it s t a n d s  i s  i n c o n s i s t e n t .  I f  f o r  
a l l  i , n i  e q u a l s  q i  ( a l l  c i t i e s  have  grown t o  f u l l  c a p a c i t y )  
t h e n  d n . / d t  e q u a l s  - r . n  i n  e a c h  c i t y .  P o p u l a t i o n  i s  m i g r a t i n g  
3  3  j  
i n t o  t h i n  a i r  and a g g r e g a t e  u r b a n  p o p u l a t i o n  i s  d e c r e a s i n g .  
This  r e s u l t  co u l d  be i n t e r p r e t e d  a s  an urban t o  r u r a l  pop- 
u l a t i o n  f low t h a t  r e s u l t s  when c i t i e s  r e ach  t h e i r  upper l i m i t .  
But t h e r e  i s  no r u r a l  s e c t o r  i n  t h e  model,  and t o  i n c l u d e  a  r u r a l  
s e c t o r  w i t h  a  growth l i m i t  would e v e n t u a l l y  l e a d  t o  t h e  same 
i n c o n s i s t e n c y .  I n  f a c t  t o  assume t h a t  t h e  r a t e  of m o b i l i t y ,  ri,  
i s  independent  o f  t h e  u r b a n i z a t i o n  p a t t e r n  i s  o f  cou r se  a  
s i m p l i f i c a t i o n ;  and it i s  t h i s  t h a t  l e a d s  t o  t h e  i n c o n s i s t e n c y .  
A method f o r  overcoming t h i s  w i l l  be i n t roduced  i n  s e c t i o n  4 .  
A f u r t h e r  problem w i t h  t h i s  model i s  t h e  c h o i c e  o f  upper l i m i t s  
qi.  To choose t h e s e  a p r i o r i  i s  no th ing  less t h a n  an impos i t i on  
o f  a  c i t y  s i z e  d i s t r i b u t i o n  t o  be reached  i n  t h e  l i m i t .  But 
t h e  s i z e  t o  which c i t i e s  can p r o f i t a b l y  grow does  n o t  j u s t  
depend on i n t e r n a l  s i z e  c o n s i d e r a t i o n s ;  it  r a t h e r  depends on 
t h e  l o c a t i o n  o f  t h e  c i t y  i n  t h e  urban h i e r a r c h y  and on urban 
development p a t t e r n s  (Sheppard 1982) .  However, t h e  urban dynamics 
depend i n  t u r n  on q  . t h u s  it i s  c i r c u l a r  t o  choose v a l u e s  f o r  i' 
t h e s e  pa ramete r s  i n  o r d e r  t o  i n v e s t i g a t e  a  p roce s s  from which 
t h e  same v a l u e s  shou ld  be a n  o u t p u t .  These r e p r e s e n t  s i g n i f i c a n t  
problems f o r  f u t u r e  i n v e s t i g a t i o n .  
2. POPULATION DYNAMICS W I T H  ZERO POPULATION GROWTH 
2.1 The Ex i s t en ce  o f  Eq u i l i b r i um 
Study o f  t h e  dynamics of non- l inea r  p r o c e s s e s  t y p i c a l l y  
s t a r t s  wi th  a  c l a s s i f i c a t i o n  of  any e q u i l i b r i u m  p o i n t s  i n  t h e  
system. Th i s  need n o t  imply t h a t  t h e  p roce s s  i t s e l f  i s  e q u i l i -  
b r a t i n g ;  such p o i n t s  s imply  s e r v e  a s  r e f e r e n c e  p o i n t s  w i th  r e s p e c t  
t o  which d i f f e r e n t  regimes w i t h  va ry ing  dynamic behav ior  may be 
t r a c e d  o u t  ( H i r s ch  and Smale 1974 ) .  I n  t h e  ZPG model it can 
be determined t h a t  such an  e q u i l i b r i u m  e x i s t s  and t h a t  it i s  
probab ly  unique i n  e m p i r i c a l  a p p l i c a t i o n s .  Fur thermore ,  i t s  
l o c a t i o n  and s t a b i l i t y  p r o p e r t i e s  may be computed. 
To demons t ra te  t h a t  an  e q u i l i b r i u m  e x i s t s ,  it i s  f i r s t  
n e c e s s a r y  t o  show t h a t  n e g a t i v e  p o p u l a t i o n s  canno t  occu r  i n  t h e  
model. Th i s  i s  e a s i l y  done. Divide  th rough  e q u a t i o n  ( 9 )  by 
n  j t :  
- 
n  ' d n .  / d t  = d  l o g  n .  / d t  j t  I 3 
where C i s  a  c o n s t a n t  o f  i n t e g r a t i o n .  The re fo r e  n  i s  always j t  
non-negative.  Thus t h e  dynamics o f  p o p u l a t i o n  growth i n  a  
system of H c i t i e s  o c c u r s  i n  t h e  p o s i t i v e  q u a d r a t  of  N-dimensional 
space  bounded by t h e  hyperp lanes  ni = 0 f o r  a l l  i .  Indeed under 
ZPG we can go f u r t h e r  and s t a t e  t h a t  t h e  dynamics a r e  r e s t r i c t e d  
t o  t h o s e  l o c a t i o n s  where 1 nit = N; N be ing  t h e  t o t a l  popula-  
i 
t i o n .  I n  t h e  c a s e  of  t h r e e  c i t i e s ,  t h i s  r e s t r i c t s  t h e  p roc e s s  
t o  a  bounded p l an e  i n  t h r ee - s pa c e  (F igu re  1 ) .  I n  g e n e r a l ,  t h e  
p roce s s  o c c u r s  on a  bounded hyperp lane  o f  H-1 dimensions .  
An e q u i l i b r i u m  p o i n t  on t h i s  s u r f a c e  i s  d e f i n e d  by: 
f o r  a l l  j  
where A = dn . / d t .  Th i s  o c c u r s  when [from e q u a t i o n  ( 9 )  1 : j  3 
f o r  a l l  j  
Note t h a t  i f  Ai = 0 f o r  a l l  j ,  ii = 0 f o r  a l l  j .  Such an e q u i l -  
J J 
i b r i um p o i n t  i s  shown i n  F igu re  1 .  The f a c t  t h a t  such an e q u i l -  
i b r i um always e x i s t s  may be shown i n  t h e  fo l l ow ing  way (Papa- 
georg iou  1982) . 
Fi g u r e  1 i l l u s t r a t e s  t h a t  t h e  dynamics of  p o p u l a t i o n  change 
a r e  conf ined  t o  a  c l o s e d ,  bounded, convex set  of p o i n t s .  Equa- 
t i o n  (23)  may be summarized a s :  
A - equil ibrium po in t  on population plane (uns table)  
Figu re  1 .  The p l ane  of f e a s i b l e  popu la t i on  v e c t o r s  f o r  ZPG, 
w i t h  an  u n s t a b l e  e q u i l i b r i u m  p o i n t .  
where n '  i s  t h e  v e c t o r  [ n l t , n 2 t , . . . ] .  T h i s  i s  a  c o n t i n u o u s  
-t 
mapping from t h e  bounded N-1 dimens iona l  h y p e r p l a n e  i n t o  t h e  
same hyperp lane .  Under t h e s e  c o n d i t i o n s  Brouwer 's  f i x e d  p o i n t  
theorem t e l l s  us t h a t  t h e r e  e x i s t s  a  p o i n t  where qt = f ( n t ) ;  
i . e . ,  t h e r e  e x i s t s  an  e q u i l i b r i u m  p o i n t  s a t i s f y i n g  e q u a t i o n  
(23)  w i t h  n  2 0.  Note t h a t  t h i s  g e n e r a l i z e s  t h e  r e s u l t s  of  j t  
McGinnis and Henry ( 1 973) and Ledent  ( 1 978) . 
2 . 2  Computing t h e  E q u i l i b r i u m  P o i n t  
The c o n d i t i o n  f o r  e q u i l i b r i u m  [ e q u a t i o n  (23)  1 may be r e -  
w r i t t e n  a s :  
where - n * '  i s  t h e  v e c t o r  o f  e q u i l i b r i u m  p o p u l a t i o n s  b e i n g  
s o u g h t ;  - r '  = ( r l  , . . . , rN)  ; ( R )  - i s  a  d i a g o n a l  m a t r i x  w i t h  k - th  
d i a g o n a l  e n t r y  e q u a l  t o  rk; ( A )  i s  a  d i a g o n a l  m a t r i x  w i t h  k - th  
- 
d i a g o n a l  e n t r y  e q u a l  t o  A and F  i s  t h e  N by N m a t r i x  c o n t a i n i n g  k ;  - 
e n t r i e s  f  i j '  From e q u a t i o n  ( 2 5 )  : 
n * '  = ~ ' G ( R ) - '  ( A )  
- - -  - - 
where G is  e q u a l  t o  t h e  i n v e r s e  of  F. I n  s i m p l e  a l g e b r a ,  from 
- - 
(26)  : 
Equa t ion  (27)  comes from a p p l y i n g  t h e  d e f i n i t i o n  o f  ( A )  and t h e  
r u l e s  of  m a t r i x  a l g e b r a  t o  e q u a t i o n  ( 2 6 ) .  But e q u a t i o n  ( 2 7 )  
can  a l s o  b e  w r i t t e n  a s :  
n* = ( H )  ( R )  -'F'n* 
- - - -- 
where ( H )  i s  a  d i a g o n a l  m a t r i x  w i t h  i - t h  d i a g o n a l  e n t r y  e q u a l  
- 
t o  1 rkgki. Rear rang ing  (28)  : 
k  
o r  - n* i s  given a s  t h a t  e igenvec tor  of M which i s  a s s o c i a t e d  wi th  
- 
an e igenva lue  of M t h a t  i s  i d e n t i c a l l y  equa l  t o  one.  M i s  t h e  
- - 
mat r ix  product  (H) ( R ) F .  The f a c t  t h a t  an e q u i l i b r i u m  must e x i s t ,  
-. - -  
proven above, i s  s u f f i c i e n t  t o  show t h a t  M must have a t  l e a s t  
- 
one e igenva lue  equa l  t o  one. This  may be confirmed by d i r e c t  
i n v e s t i g a t i o n  of M ( s e e  Appendix B ,  theorem 1 )  . The a s s o c i a t e d  
-. 
equ i l i b r ium v e c t o r  - n* may then  be computed from t h e  a p p r o p r i a t e  
e igenvec to r  of  M. C a l l  t h i s  e igenvec to r ,  x*. Then employing 
-. 
- 
t h e  popula t ion  c o n s t r a i n t  of ZPG, t h e  equ i l i b r ium popula t ion  
v e c t o r  i s  equa l  t o  t h e  e igenvec to r  s c a l e d  t o  sum up t o  t h e  f i x e d  
t o t a l  popula t ion :  
where X i s  t h e  s c a l a r  ( i ' x * ) ;  - - t h e  sum of t h e  e lements  i n  - x*. 
By theorem 2 of  Appendix B t h i s  equ i l i b r ium v e c t o r  i s  t h e  
s t r i c t l y  p o s i t i v e  r ight-hand e igenvec tor  of M t h a t  i s  a s s o c i a t e d  
- 
with  i t s  l a r g e s t  e igenva lue  (an e igenva lue  of  u n i t y )  . 
2 . 3  Uniqueness of Equi l ibr ium 
Theorem 2 of Appendix B shows t h a t  i f  M i s  indecomposable 
- 
and p r i m i t i v e  t hen  t h e r e  i s  on ly  one e igenva lue  equa l  t o  one,  
and thus  only  one i n t e r n a l  equ i l i b r ium v e c t o r .  Indecomposabi l i ty  
impl ies  t h a t  migra t ion  s t reams occur  between c i t i e s  i n  such a  
way t h a t  each c i t y  i s  d i r e c t l y  o r  i n d i r e c t l y  connected t o  each 
o t h e r  c i t y .  Given t h e  f a c t  t h a t  migra t ion  s t reams a r e  h igh ly  
d i s p e r s e d ,  indecomposabi l i ty  i s  l i k e l y  t o  be t r u e  of any e m p i r i c a l  
i n t e r -u rban  migra t ion  ma t r ix .  I f  M i s  indecomposable it w i l l  
- 
a l s o  be p r i m i t i v e  i f  a t  l e a s t  one of t h e  e n t r i e s  on i t s  main 
d iagona l  i s  non-zero (Solow 1952) . But t h i s  i s  t r u e  f o r  a l l  
d iagona l  e n t r i e s ,  by equa t ion  ( 2 9 ) .  Thus we can expec t  M t o  
-. 
be indecomposable and p r i m i t i v e  i n  p r a c t i c a l  a p p l i c a t i o n s ,  t h e  
equ i l i b r ium w i l l  be unique,  and a s  a  consequence t h e  s t a b i l i t y  
p r o p e r t i e s  of t h i s  e q u i l i b r i u m  p o i n t  w i l l  be s u f f i c i e n t  t o  
c h a r a c t e r i z e  g l o b a l  s t a b i l i t y  cond i t i ons  i n  t h e  urban system. 
2 . 4  S t a b i l i t y  of P o p u l a t i o n  Change 
Def ine  t h e  v e c t o r  of  d i s p l a c e m e n t  of  c i t y  s i z e s  from t h e  
e q u i l i b r i u m  p o i n t  a t  t i m e  t: 
Taking a  T a y l o r  expans ion  a b o u t  - n* and r e t a i n i n g  j u s t  l i n e a r  
terms because  it i s  l o c a l  v a r i a t i o n s  t h a t  a r e  of i n t e r e s t :  
Here J1 i s  t h e  Jacobean m a t r i x  w i t h  i , j - t h  e n t r y  e q u a l  t o  
aF. ( n * )  / an and dGt/dt i s  a  N by 1 v e c t o r  of e n t r i e s  dGit/dt. 1 - j r  
F i n a l l y ,  
i s  t h e  dynamic model ( 9 )  e v a l u a t e d  a t  t h e  e q u i l i b r i u m  p o i n t .  
The l o c a l  s t a b i l i t y  p r o p e r t i e s  depend on J which (see theorem 
- 
3  and lemma 1 of  Appendix B )  may be  w r i t t e n  a s :  
J1 = [ I  - ( ~ * ) F ' A - ' ]  ( R )  ( ~ * ) A - ' F  - (Y) - ( R )  - - - -  - - - -  ( 3 4 )  
* 
where ( n * )  i s  a  d i a g o n a l  m a t r i x  w i t h  ni a s  t h e  i - t h  d i a g o n a l  
- 
e n t r y .  ( Y )  i s  a  d i a g o n a l  m a t r i x  w i t h  j - t h  e n t r y  e q u a l  t o  
* -  - 1 
rinifijAi . Iii i s  d e f i n e d  a l s o  w i t h  r e s p e c t  t o  t h e  e q u i l i -  
I * 
brium p o p u l a t i o n s  - n*:  Ai = 1 nkfik. 
k  
Necessary and s u f f i c i e n t  c o n d i t i o n s  f o r  l o c a l  s t a b i l i t y  a r e  
t h a t  t h e  e i g e n v a l u e s  of  J a l l  have n e g a t i v e  r e a l  p a r t s .  The 
- 
e i g e n v a l u e s  of  J c a n  be  computed. From e q u a t i o n  ( 3 4 )  it i s  
- 
c l e a r  t h a t  t h e y  depend on:  t h e  geography of  t h e  sys tem a s  
e x p r e s s e d  i n  t h e  b a r r i e r s  t o  movement and o r i g i n / d e s t i n a t i o n  
c h a r a c t e r i s t i c s  ( f i j ) ;  and t h e  geography o f  exogenous m o b i l i t y  
p a t t e r n s  ( R )  (see lemma 1 of Appendix B ) .  I n  any e m p i r i c a l  
- 
a p p l i c a t i o n  s t a b i l i t y  can be de te rmined  by computing e q u a t i o n  
( 3 4 ) .  
I f  a l l  e i g e n v a l u e s  o f  J have n e g a t i v e  r e a l  p a r t s  t h e n  t h e  
e q u i l i b r i u m  - n* i s  g l o b a l l y  s t a b l e  when it i s  unique  (.see a b o v e ) .  
I n  t h i s  c a s e  - n* w i l l  e x p r e s s  t h e  s t a b l e  d i s t r i b u t i o n  o f  popula-  
t i o n  i n  t h e  v a r i o u s  c i t i e s .  T h i s  e q u i l i b r i u m  w i l l  be approached 
d i r e c t l y  ( i f  a l l  e i g e n v a l u e s  a r e  r e a l )  o r  c y c l i c a l l y  ( i f  some 
e i g e n v a l u e s  a r e  complex) a s  t h e  sys tem e v o l v e s .  I f  one  o r  more 
o f  t h e  e i g e n v a l u e s  have p o s i t i v e  r e a l  p a r t s  t h e n  t h e  e q u i l i b r i u m  
p o i n t  i s  a  " s a d d l e - p o i n t "  i n  N-1 dimens iona l  s p a c e .  Any s l i g h t  
d e v i a t i o n  from - n* w i l l  l e a d  t o  f u r t h e r  d e v i a t i o n s  a s  some c i t i e s  
move away from e q u i l i b r i u m  drawing t h e  res t  of t h e  sys tem a l o n g  
behind ( H i r s c h  and Smale 1974) . 
2.5 A Two C i t y  Example w i t h  Zero P o p u l a t i o n  Growth 
Cons ide r  two c i t i e s ,  and assume f o r  s i m p l i c i t y  t h a t  rl = 
r = 1 .  Then 2 
- 1 
where a i j  = f .  . A  1 1  i 
C o n d i t i o n s  f o r  e q u i l i b r i u m ,  from (8), a r e :  
Solving for a common denominator, these conditions become: 
-(fllnl + f12n2) (f21n1 + f22n2) + fl lnl (f21n1 + f22n2) 
Cancelling out common terms, and dividing by nl in the first 
equation and n2 in the second, we find that dnl/dt = 0 if: 
and dn2/dt = 0 if: 
Five cases of equilibrium can then be identified: 
(i) n = n2 = 0 1 
£12 (£22 - £21 ) (ii) nl =-f n2 = Bn2 
21(£12 - fll) 
It may readily be checked that this is the eigenvector 
of HF associated with a unit eigenvalue. 
(iii) f = f21, 22 and f l l  = f12 
(iv) nl = 0 and f22 = £21 
(v) n2 = 0 and f12 = f l l  
Cases (iii) , (iv) , and (v) are special cases representing 
situations where the propensity for inter- and intra-urban 
interaction are identical in at least one city. In case (iii), 
where t h e  c i t i e s  a r e  co l l apsed  i n t o  a  s i n g l e  l o c a t i o n ,  any popu- 
l a t i o n  p a t t e r n  i s  s t a b l e .  I n  ca ses  ( i v )  and ( v )  one c i t y  i s  
absen t ,  t h e  popu la t ion  i s  again  reduced t o  one l o c a t i o n  and t h e  
o t h e r  c i t y  i s  s t a b l e  a t  any va lue .  I n  a l l  t h e s e  c a s e s  t h e  urban 
popula t ion  i s  e s s e n t i a l l y  co l l apsed  on to  t h e  head of  a  p i n ,  and 
s t a b i l i t y  (and t h u s  dynamics) become t r i v i a l .  Case (i) i s  a l s o  
t r i v i a l .  
The s t a b l e  popula t ions  i n  c a s e  (ii) c l e a r l y  depend on t h e  
s t r e n g t h  of i n t e r -  v e r s u s  i n t r a -u rban  mig ra t ion ,  and t h u s  t h e  
dynamics of popu la t ion  change depend on t h e  s i g n s  of  f  2 2  - £21 
and f  
- £12' Four p o s s i b i l i t i e s  e x i s t :  
Case A Inter-urban mig ra t ion  dominates: f 2 2  < f 2 1 ;  f l l  < 
f 1 2 .  S t a b i l i t y  occurs  on t h e  r ay  n l  = Bn2 ( B  > 0 ) .  I n  t h e  pos i -  
t i v e  quadran t  (n  > O ) ,  t h e  one of s u b s t a n t i v e  i n t e r e s t ,  i f  i 
n  1 < Bn2, d n l / d t  > 0 ,  and dn2/dt  < 0 .  When n l  > Bn2 then  
d n l / d t  < 0 and dn2/dt  > 0 .  This  i s  shown i n  F igure  2a. C l e a r l y  
t h e  equ i l i b r ium ray  i s  s t a b l e  i n  t h i s  case:  popula t ions  of t h e  
* 
c i t i e s  w i l l  converge t o  t h e  p o i n t  A over  t ime.  C l e a r l y  n l  = 
Case B In t ra -urban  migra t ion  dominates ( f 1 2  < f l l ;  f 2 1  < 
f 2 2 ) .  I n  t h e  p o s i t i v e  quad ran t ,  i f  n l  < Bn2, d n l / d t  < 0 ,  and 
dn2/dt  > 0 .  But i f  n l  > Bn2 then d n l / d t  > 0 and dn2/dt  < 0 .  
In  s h o r t ,  t h e  p a t t e r n  i s  t h e  converse of c a s e  A (F igu re  2 b ) .  
The equ i l i b r ium ray  i s  u n s t a b l e ,  and depending on i n i t i a l  condi- 
t i o n s  one c i t y  o r  t h e  o t h e r  w i l l  d i e  o u t .  
Case C Migrat ion p a t t e r n s  a r e  dominated by t h e  p u l l  of 
c i t y  1 ( f l  > f 1 2 ;  f Z 1  > f 2 2 ) .  I n  t h i s  c a s e  (and c a s e  D below) 
t h e  cos ine  of B i s  nega t ive .  Thus t h e r e  a r e  no s t a b l e  popula- 
t i o n  combinations i n  t h e  p o s i t i v e  quadran t .  For a l l  f e a s i b l e  
i n i t i a l  c o n d i t i o n s  d n l / d t  > 0 and dn2/dt  < 0 .  C i t y  2  w i l l  t h u s  
always d i e  o u t .  
A: S t a b l e  non-zero e q u i l i b r i u m :  
i n t e r - u r b a n  f lows dominate 
B: Unstable  non-zero e q u i l i b r i u m :  
i n t r a - u r b a n  f lows dominate 
C: Migra t ion  p u l l e d  t o  c i t y  1 D: Migra t ion  p u l l e d  t o  c i t y  2 
Figure 2. Population dynamics with two cities: a graphical 
depiction of alternative dynamics. 
Case D Migra t i on  i s  dominated by t h e  p u l l  of  c i t y  2  ( f 2 2  > 
f21 '  f12  > f  ) . This  i s  t h e  converse  o f  c a s e  C .  I f  n ,  2  > 0 
t h e n  dn2 /d t  > 0 and d n l / d t  < 0.  For f u l l  r e s u l t s  see Figu re s  2c 
and 2d. 
Cases C and D d e s c r i b e  an extreme c a s e  of primacy;  t h a t  
one c i t y  c anno t  even r e t a i n  an e q u a l  p r o p o r t i o n  o f  i t s  own 
popu l a t i on .  Case A s u g g e s t s  n e i t h e r  c i t y  can r e t a i n  an e q u a l  
p r o p o r t i o n  of  i t s  own p o p u l a t i o n .  The most r e a l i s t i c  c a s e  i s  
ca s e  B; where t h e  e q u i l i b r i u m  i s  u n s t a b l e ,  and where dynamic t r e n d s  
" b i f u r c a t e "  around t h e  u n s t a b l e  e q u i l i b r i u m  p o i n t  depending 
on t h e  i n i t i a l  s i z e  o f  c i t y  1 compared t o  c i t y  2. Once one c i t y  
h a s  d e c l i n e d  t o  z e r o  t h e  o t h e r  c i t y ' s  p o p u l a t i o n  r e p r e s e n t s  an  
e q u i l i b r i u m .  Th is  i s  because  t h e  sys tem h a s  undergone a  s t r u c -  
t u r a l  change. I f  one c i t y  no l o n g e r  e x i s t s  t h e  o t h e r  one has  
nowhere t o  send  i t s  migran t s  [mi j  f o r  i # j  i s  z e r o  from equa- 
t i o n  ( 1  ) 1 and t h u s  t h e  s i z e  of  f i j  no l o n g e r  m a t t e r s .  
2.6 Summary 
For t h e  ZPG model it has  been shown t h a t  an  e q u i l i b r i u m  
combinat ion o f  p o p u l a t i o n s  always e x i s t s ,  i n  t h e  s e n s e  t h a t  
i f  t h e  c i t y  s i z e  d i s t r i b u t i o n  matches t h i s  e q u i l i b r i u m  t h e r e  
w i l l  be no change i n  c i t y  popu l a t i ons  i n  t h e  absence  of  some 
e x t e r n a l  shock.  I n  s h o r t ,  i n  e q u i l i b r i u m  t o t a l  i n m i g r a t i o n  
e q u a l s  t o t a l  o u t m i g r a t i o n  f o r  each  c i t y .  Th i s  e q u i l i b r i u m  
d i s t r i b u t i o n  can  be  computed [ equa t i on  (29 )  1 ,  and it depends on 
t h e  m o b i l i t y  r a t e s ,  and t h e  geography of  m i g r a t i o n  a s  exp re s sed  
through f i j  F u r t h e r ,  w e  can  e x p e c t  t h i s  e q u i l i b r i u m  d i s t r i b u -  
t i o n  t o  be unique.  The s t a b i l i t y  o r  i n s t a b i l i t y  of t h e  popula- 
t i o n  dynamics a b o u t  t h i s  e q u i l i b r i u m  can be determined by com- 
p u t i n g  J and i t s  e i g e n v a l u e s  [ equa t i on  ( 3 4 )  ] . These s t a b i l i t y  
- 
p r o p e r t i e s  a l s o  depend o n l y  on ri and f i j  Because of  t h e  unique- 
n e s s  o f  e q u i l i b r i u m ,  t h e  s t a b i l i t y  o f  J a l s o  c h a r a c t e r i z e s  t h e  
., 
g l o b a l  s t a b i l i t y  o f  t h e  system, complet ing  t h e  q u a l i t a t i v e  
a n a l y s i s  o f  i n t e r - u r b a n  popu l a t i on  dynamics w i t h  z e r o  popula- 
t i o n  growth. F i n a l l y  a  two-ci ty example was p r e s e n t e d  t o  i l l u s -  
t r a t e  t h e  a n a l y s i s .  
3. POPULATION DYNAMICS WITH NATURAL INCREASE 
The model t o  be ana lyzed  h e r e  i s :  
d n .  / d t  = 
I t  
r n  f .  .A- I  
" j t l !  i it 11 it - r  j j 
3.1 E q u i l i b r i u m  S t a t e s  
I n  o r d e r  t o  a ch i ev e  a  s t a t e  o f  s t a t i c  e q u i l i b r i u m ,  it i s  
c l e a r  t h a t  some r a t e s  o f  n a t u r a l  i n c r e a s e ,  ' j  , must be n e g a t i v e .  
T h i s  c a s e  w i l l  n o t  be  d e a l t  w i t h  h e r e ,  s i n c e  it does  n o t  r ep r e -  
s e n t  t y p i c a l  r e a l  world c h a r a c t e r i s t i c s  of  urban p o p u l a t i o n  
change. Thus e q u i l i b r i u m  must be conceived o f  dynamica l ly ,  and 
two c a s e s  s e e m  worthy o f  c o n s i d e r a t i o n .  
TYPE A: Simple dynamic e q u i l i b r i u m .  Here e q u i l i b r i u m  i s  
g i v e n  by : 
d n .  / d t  = kn 
l t  j  t V j  ( 4 2 )  
T h i s  e q u i l i b r i u m  can  be regarded  a s  e q u i v a l e n t  t o  t h a t  ach ieved  
i n  l i n e a r  m u l t i r e g i o n a l  demographic p r o j e c t i o n  models (Rogers 
1 9 7 5 ) ;  p o p u l a t i o n  growth i s  i d e n t i c a l  everywhere,  and a  s t a b l e  
v e c t o r  o f  r e l a t i v e  p o p u l a t i o n  s i z e s  e x i s t s .  
TYPE B: Weighted e q u i l i b r i u m  w i t h  g e o g r a p h i c a l l y  va ry ing  
growth r a t e s  
d n .  / d t  = k . n  
I t I j t  
I n  t h i s  c a s e  t h e  growth r a t e  i n  each c i t y  may be d i f f e r e n t ,  
b u t  i n  each  i t  i s  c o n s t a n t  over  t i m e .  
3.2 Simple Dynamic E q u i l i b r i a  
The e x i s t e n c e  of  such an  e q u i l i b r i u m  can be concluded i f  
t h e r e  e x i s t s  a  set of r e l a t i v e  p o p u l a t i o n  s i z e s  t h a t  s o l v e s  
t h e  f o l l o w i n g  problem: 
* 
kn = S. (n*) j J - 
or in matrix form: 
kn* - = S(n*) 
This is a non-linear eigenvalue equation, where k is an eigen- 
value and - n* an eigenvector of the vector function S = [S1, ..., 
s jf.**fSJl 
The results assembled by Nikaido (1968) can be used to show 
that at least one simple dynamic equilibrium exists, with a 
positive identical growth rate for all cities, and a correspond- 
ing positive vector of relative population sizes (a city size 
distribution). (See theorem 1 ,  Appendix C.) Indeed all solu- 
tions to (45) are positive, according to this theorem. This 
generalizes the results of Feeney ( 1973) and Ledent ( 1978) . 
Solutions for the equilibrium growth ray(s) may be obtained by 
use of a non-linear eigenvalue program (cf. Andersson and Pers- 
son 198 ) and each solution must be treated as a candidate whose 
stability should be analyzed. 
3.3 Geographically Variable Dynamic Equilibria 
Theorem 2 of Appendix C shows that no relationship satis- 
fying (43) can be characterized as an equilibrium ray. There- 
fore equilibria of type B do not exist. 
3.4 Stability 
Having shown that dynamic equilibria for this system are 
characterized by equation (42), and that such equilibria exist 
and can be computed, it remains to test such equilibria for 
stability. This is most easily checked for by using the logar- 
ithmic form. Dividing (1 2) by njt: 
But i n  e q u i l i b r i u m  
d l o g n  / d t = k  j t 
Thus d e f i n i n g  
w e  wish t o  show t h a t  
Taking a  Taylor  expansion around t h e  equ i l i b r ium p o i n t  and 
r e t a i n i n g  l i n e a r  terms : 
From theorem 3  of Appendix C :  
2 2  = ( R ) X  - X '  ( R )  (n* )  X - - - - - -  
Using t h e  d e f i n i t i o n  of X a s  ( A ) - I F :  
- - - 
The s t a b i l i t y  of e q u i l i b r i u m  w i l l  depend on whether t h e  e igen-  
va lues  computed f o r  J2 - have nega t ive  r e a l  p a r t s .  
3 . 5  Endogenizing t h e  Propens i ty  t o  Migrate 
Suppose t h a t  t h e  f r a c t i o n  of popu la t ion  migra t ing  i s  r e l a t e d  
i n  some p o s i t i v e  manner t o  t h e  a c c e s s i b i l i t y  of  o p p o r t u n i t i e s  
( a s  r ep re sen ted  by o t h e r  c i t i e s ) .  The v a l i d i t y  of t h i s  no t ion  
when cho ices  a r e  a v a i l a b l e  has  been r i g o r o u s l y  de r ived  i n  
Sheppard (1980) . One way of r e p r e s e n t i n g  t h i s  i s :  
where M i s  a  v e r y  s m a l l  number des igned  t o  keep rit l e s s  t han  
one.  S u b s t i t u t i n g  ( 5 3 )  i n t o  ( 4 4 )  ; S .  ( n* )  s p l i t s  i n t o  two t e r m s ,  
3 - 
one o f  which i s  homogeneous of  o r d e r  1 ,  and one of which i s  
homogeneous o f  o r d e r  g r e a t e r  t han  one:  
L S .  ( n * )  = S-! ( n * )  + S .  (n*)  
3 - 3 - 3 - 
where 
Then i f  a  i s  a  s c a l a r :  
2 S .  (an*)  = a" '~ '  (n*)  + a s .  (n*)  3 - 3 - 3 - 
T h i s  d i f f e r e n c e  may be c r i t i c a l .  The r e s e a r c h  o f  Okabe 
shows t h a t  s imple  p o p u l a t i o n  e q u i l i b r i a  i n  h i s  model on ly  e x i s t  
when t h e  n o n - l i n ea r  model i s  homogeneous o f  o r d e r  one (Okabe 
1979, theorem 6 ) .  F u r t h e r ,  i t  seems t h a t  t h e  p a r a l l e l s  t h a t  
Nikaido (1968) was a b l e  t o  draw between l i n e a r  and non - l i nea r  
e i g e n v a l u e s  may h i n g e  on homogeneity of  o r d e r  l e s s  t h a n  o r  equa l  
t o  one;  he p r o v i d e s  no r e s u l t s  f o r  homogeneity o f  h i g h e r  o r d e r s .  
On t h i s  b a s i s  it may be r ea sonab l e  t o  s p e c u l a t e  t h a t  endogeniz-  
i n g  r a s  a  f u n c t i o n  r e l a t e d  t o  a c c e s s i b i l i t y  of  o t h e r  c i t i e s  j  
may s u b s t a n t i a l l y  reduce  t h e  p r o b a b i l i t y  of  f i n d i n g  s imple  
dynamic p o p u l a t i o n  e q u i l i b r i a  a t  a l l .  
3.6 Summary 
The i n t r o d u c t i o n  of n a t u r a l  i n c r e a s e  l e a d s  t o  t h e  conclu-  
s i o n  t h a t  s imple  dynamic p o p u l a t i o n  e q u i l i b r i a ,  w i t h  p r o p e r t i e s  
analogous  t o  t h e  m u l t i r e g i o n a l  s t a b l e  growth p r o j e c t i o n s  o f  
l i n e a r  models e x i s t .  Th i s  would e x p l a i n  why s i m u l a t i o n s  o f  a  
n o n - l i n ea r  model by Ledent  (1978) always l e d  t o  such r e s u l t s .  
However it shou ld  be n o t ed  t h a t  s e v e r a l  e q u i l i b r i u m  p a t h s  can 
be expec ted ,  and t h e r e  i s  no reason  t o  b e l i e v e  t h a t  they  w i l l  
be n e c e s s a r i l y  s t a b l e .  T h i s  a l l  depends on a n a l y s i s  of  t h e  
e i g e n v a l u e s  o f  J2  [ e q u a t i o n  ( 5 1 ) ]  f o r  e a c h  g i v e n  e q u i l i b r i u m  
p a t h  c a l c u l a t e d  from s o l v i n g  t h e  n o n - l i n e a r  e i g e n v a l u e  e q u a t i o n  
(45)  
The p r e s e n c e  o f  s e v e r a l  e q u i l i b r i u m  p a t h s  means t h a t  t h e  
p o p u l a t i o n  dynamics a r e  governed by more t h a n  one reg ime ,  and 
i t  becomes d i f f i c u l t  t o  make s t a t e m e n t s  a b o u t  g l o b a l  s t a b i l i t y  
u n l e s s  Lyapunov c o n d i t i o n s  can  be d e r i v e d  (Gandal fo  1 9 7 1 ) .  The 
s o r t  o f  p o s s i b i l i t i e s  f o r  urban p o p u l a t i o n  dynamics a r e  i l l u s -  
t r a t e d  i n  F i g u r e  3 ,  which f o r  g r a p h i c a l  purposes  i s  p r e s e n t e d  
a s  a  two-c i ty  problem. L i n e s  OA, OB and OC r e p r e s e n t  t h r e e  
dynamic e q u i l i b r i u m  p a t h s ;  t h r e e  s o l u t i o n s  t o  e q u a t i o n  ( 4 5 ) .  
A n a l y s i s  o f  ( 5 1 )  f o r  e a c h  c a s e  i n  t h i s  h y p o t h e t i c a l  example 
shows t h a t  OA and OC a r e  s t a b l e  (hav ing  e i g e n v a l u e s  w i t h  nega- 
t i v e  r e a l  p a r t s ) ,  w h i l e  OB i s  u n s t a b l e .  A s  a  r e s u l t ,  t h e  pop- 
u l a t i o n  dynamics s p l i t  i n t o  two regimes .  To t h e  r i g h t  o f  OB 
p o p u l a t i o n s  t e n d  away from OB,  i n t o  t h e  domain of a t t r a c t i o n  
o f  OC ( r e p r e s e n t e d  by t h e  dashed l i n e ) ,  l e a d i n g  t o  a  s t a b l e  
p a t t e r n  dominated by c i t y  2. To t h e  l e f t  of OB t h e  c o n v e r s e  
o c c u r s .  Thus t h e  outcome depends c r i t i c a l l y  on what happens 
when t h e  c i t y  s i z e  d i s t r i b u t i o n  i s  n e a r  OB. No m a t t e r  how 
a c c u r a t e  f o r e c a s t  models may b e ,  random e x t e r n a l  s h o c k s ,  such 
a s  i n t e r n a t i o n a l  m i g r a t i o n ,  may push t h e  p r o c e s s  from one regime 
t o  t h e  o t h e r ,  l e a d i n g  t o  d r a m a t i c a l l y  d i f f e r e n t  outcomes.  The 
b e s t  way t o  c o u n t e r  such  unexpected  outcomes i s  t o  have a s  
comple te  knowledge a s  p o s s i b l e  a b o u t  t h e  v a r i o u s  e q u i l i b r i a  
and t h e i r  s t a b i l i t y .  
I n  a  sys tem o f  many c i t i e s ,  t h e  p i c t u r e  can be  much more 
c o m p l i c a t e d ,  and a  p a t t e r n  o f  p o p u l a t i o n  change t h a t  f l u c t u a t e s  
wide ly  and i s  d i f f i c u l t  t o  p r e d i c t  can  r e s u l t .  I n  such  s i t u a -  
t i o n s  e x t e r n a l  shocks  can  p l a y  a  f a r  more v i t a l  r o l e  t h a n  i s  
d e s i r a b l e  ( A l l e n  1976, 1 9 8 2 ) .  A f i n a l  p o i n t  t o  n o t e  i s  t h a t  
t h e  number, l o c a t i o n ,  and s t a b i l i t y  o f  e q u i l i b r i u m  p a t h s  depends 
u l t i m a t e l y  on t h e  model o f  m i g r a t i o n  and on t h e  r e l a t i v e  l o c a -  
t i o n  o f  c i t i e s ,  a s  e x p r e s s e d  i n  ( R )  and F. T h i s  i s  a s  t r u e  i n  
- - 
t h i s  c a s e  a s  i n  t h e  c a s e  of  z e r o  p o p u l a t i o n  growth.  
C i t y  1 
C i t y  2 
F i g u r e  3 .  M u l t i p l e  e q u i l i b r i u m  p a t h s  f o r  p o p u l a t i o n  changes  
w i t h  n a t u r a l  i n c r e a s e .  
Making r a t e s  of  m o b i l i t y ,  r endogenously depend on a c c e s -  j 1  
s i b i l i t y  t o  o t h e r  c i t i e s  l e a d s  t o  a  model which seems t o  e x h i b i t  
p r o p e r t i e s  s u g g e s t i n g  t h a t  i t  canno t  b e  t r e a t e d  a s  a  n o n - l i n e a r  
model t h a t  i s  homogeneous of  o r d e r  one.  I t  seems t h a t  a  pos- 
s i b l e  r e s u l t  w i l l  be a  r e d u c t i o n  i n  t h e  number of e q u i l i b r i u m  
p a t h s ,  pe rhaps  t o  z e r o ,  and a l s o  a  r e d u c t i o n  i n  t h e  l i k e l i h o o d  
t h a t  s t a b l e  e q u i l i b r i a  e x i s t .  
4 .  POPULATION DYNAMICS WITH LIMITS TO GROWTH 
The model proposed i s :  
d n .  / d t  = 
I t  n j t  1; r i n i t ( q j - n  j t  I f  i j  A it ( n )  - r j  
where Ait ( n )  = 1 n  ( q  - n  t )  f  and q r e p r e s e n t s  t h e  growth 
i j  J 
l i m i t .  A s  p o i n t e d  o u t  i n  s e c t i o n  1 ,  t h i s  model i s  i n c o n s i s t e n t  
a s  it s t a n d s  s i n c e  r i s  exogenous. Thus when q = n  f o r  a l l  j  j  j  j ,  a l l  m i g r a t i o n  s h o u l d  be  z e r o  s i n c e  A . ( n )  would be z e r o .  But 1  
r i s  s t i l l  p o s i t i v e ,  imply ing  t h a t  p e o p l e  a r e  l e a v i n g  t h e  c i t i e s .  j  
T h i s  i n c o n s i s t e n c y  can  be r e s o l v e d  by making r endogenous. The j  
s o l u t i o n  t o  be used h e r e  is :  
S u b s t i t u t i n g  i n t o  ( 1 8 ) :  
For  t h i s  model a  series of  s t a t i c  e q u i l i b r i a  e x i s t .  No 
dynamic e q u i l i b r i u m  e x i s t s  because  t h e  p o p u l a t i o n s  a r e  bounded 
from above and below making u n l i m i t e d  growth o r  d e c l i n e  impos- 
s i b l e .  The s t a t i c  e q u i l i b r i a  a r e  l i s t e d  i n  theorem 1  of  
* 
Appendix D .  They c o n s i s t  of  a l l  p o s s i b l e  combinat ions  of  n, = 
* J q, o r  n, = 0 ,  p l u s  any i n t e r i o r  e q u i l i b r i u m  p o i n t s  t h a t  might 
J J 
e x i s t  where some o r  a l l  e q u i l i b r i u m  p o p u l a t i o n s  a r e  between 
* 
ze r o  and q j :  0 < n j  < q j .  For example i n  a  two c i t y  sys tem,  
t h e  f o l l owing  e q u i l i b r i a  a r e  p o s s i b l e :  
* 
0 < ni < qi f o r  e i t h e r  o r  bo th  c i t i e s  
Of t h e s e  f i v e  p o s s i b i l i t i e s  t h e  f i f t h  one may occur  i n  
more t h a n  one way: m u l t i p l e  i n t e r i o r  e q u i l i b r i a  a r e  p o s s i b l e .  
T h i s  i s  because  s o l u t i o n s  f o r  t h e  f i f t h  t y p e  a r e  s o l u t i o n s  t o  a  
non - l i nea r  e i genva lue  e q u a t i o n  ( theorem 1 ,  Appendix D )  , and 
s e v e r a l  e i g e n v e c t o r s  may e x i s t  f o r  any e igenva lue  e q u a l  t o  one .  
For a sys tem of  H c i t i e s ,  t h e r e  w i l l  be 2H boundary e q u i l -  
i b r i a ,  and an i n d e t e r m i n a t e  number o f  i n t e r i o r  e q u i l i b r i u m  
p o i n t s .  F o r t u n a t e l y ,  i n  t h e  c a s e  where y t h e  r a t e  o f  n a t u r a l  j 1  
i n c r e a s e ,  i s  non-zero f o r  a l l  c i t i e s ,  o n l y  one boundary e q u i l -  
i b r i um p o i n t  i s  s t a b l e ,  t h u s  t h e  o t h e r s  may be i gno red .  Th i s  
can be  shown by ana lyz ing  t h e  Jacobean m a t r i x  t h a t  de t e rmines  
l o c a l  s t a b i l i t y  c o n d i t i o n s  abou t  any e q u i l i b r i u m  p o i n t  (lemma 1 ,  
Appendix D )  . 
To i l l u s t r a t e  t h i s ,  c o n s i d e r  F igu re  4 .  Here a  two c i t y  
c a s e  i s  i l l u s t r a t e d .  Popu l a t i on  dynamics a r e  con f ined  t o  t h e  
r e c t a n g l e  OACD, due t o  t h e  growth l i m i t s  q l  and q 2 .  P o i n t s  
C ,  A ,  B ,  and 0  r e p r e s e n t  t h e  f o u r  boundary e q u i l i b r i a  l i s t e d  
above,  and D I E  r e p r e s e n t  p o s s i b l e  i n t e r i o r  e q u i l i b r i a  p o i n t s .  
For f u r t h e r  a n a l y s i s  it i s  u s e f u l  t o  d i s t i n g u i s h  two c a s e s .  
Figure  4 .  Popula t ion  dynamics i n  a  two-city system wi th  l i m i t s  
t o  growth. 
4.1 Natural Increase in All Cities 
If y, is positive in all cities, then the only stable 
J * 
equilibrium is n = qj for all j. This is because this equil- j 
ibrium is the oniy boundary equilibrium that is stable (corol- 
lary 1 and 2 of Appendix D), and because no interior equilibria 
can exist (corollary 3 of Appendix D). Thus if yj is positive 
everywhere the limiting city size distribution is given by the 
growth limits imposed. Population change may oscillate before 
equilibrium is achieved (see lemma 2, Appendix D), but the 
equilibrium is globally stable. 
In light of this, the critical comments made in section 1 
about imposing such limits are particularly important. The city 
size distribution is predefined, whereas in reality the benefits 
of city size should be deduced since they vary from place to 
place, depending on the geography of the urban system. Any 
attempt to define an optimal city size that ignores this con- 
text is fraught with problems (Richardson 1973), and in this 
sense the model of population dynamics with limits to growth 
can give little insight into how city size distributions are 
generated. 
By a similar argument, if y is negative everywhere then j 
the city system will die out. 
4.2 Natural Increase and Decrease Both Exist 
If the set of cities is divided into cities j with natural 
increase (y > O), and the other cities k experiencing natural j 
decrease (yk < 0) then the only stable boundary equilibrium is 
* * 
where n = qj j for the former group, and nk = 0 for the latter 
group (coroliary 4 of Appendix D). However, in this case 
interior equilibria may also exist, so this boundary equilibrium 
may not be globally stable. 
In the absence of such interior equilibria, the city size 
distribution is ultimately dependent solely on which cities 
experience natural increase, and which experience natural 
decrease. Thus the city size distribution would be defined 
q j  and Y j  However, because  such i n t e r i o r  e q u i l i b r i a  canno t  be 
i g n o r e d ,  t h e  f i r s t  s t e p  shou ld  be t o  de t e rmine  whe ther ,  and 
how many, such e q u i l i b r i a  e x i s t  by s o l v i n g  t h e  n o n - l l i n e a r  
e i g e n v a lu e  problem of  e q u a t i o n  ( D . 4 )  i n  Appendix D .  Then t h e  
s t a b i l i t y  of  t h e s e  p o i n t s  may be determined u s ing  lemma 1  o f  
Appendix D t o  c o n s t r u c t  t h e  Jacobean m a t r i x  f o r  each  i n t e r i o r  
e q u i l i b r i u m  p o i n t .  Th i s  would complete  t h e  p i c t u r e .  
For example, i n  t h e  two c i t y  c a s e  o f  F igu re  4 ,  suppose 
t h a t  y l  i s  n e g a t i v e  and y 2  i s  p o s i t i v e ,  t h a t  i n t e r i o r  e q u i l i -  
br ium p o i n t  D i s  u n s t a b l e ,  whereas E i s  s t a b l e .  Then t h e  q u a l i -  
t a t i v e  beh av i o r  o f  t h e  two c i t y  sys tem i s  d e p i c t e d  by t h e  f low 
l i n e s  on t h e  f i g u r e .  I t  can be seen  t h a t ,  depending on t h e  
s t a r t i n g  p o i n t ,  any one  o f  two s t a t i c  c i t y  s i z e  d i s t r i b u t i o n s  
can e v o l v e .  I n  a d d i t i o n ,  i f  t h e  system i s  a t  any p o i n t  i n  t i m e  
n e a r  t h e  d o t t e d  l i n e  on t h i s  f i g u r e  it may ' f l i p '  from t e n d e n c i e s  
toward B ,  s a y ,  t o  changes  l e a d i n g  t o  E ,  s imply  a s  a  r e s u l t  of 
some s m a l l  e x t e r n a l  shock.  That  s e v e r a l  i n t e r i o r  e q u i l i b r i u m  
p o i n t s  may e x i s t  even f o r  a  s imple  two c i t y  system i s  shown by 
Weidl ich  and Haag ( 1 9 8 0 ) .  Thus f o r  a  many c i t y  sys tem a  l a r g e  
number of  such e q u i l i b r i a  cou ld  e x i s t ,  making t h e  p o p u l a t i o n  
dynamics complex and t h e  e q u i l i b r i u m  outcome h i g h l y  dependent  
on random f l u c t u a t i o n s  t h a t  canno t  be f o r e s e e n  i n  f o r e c a s t i n g  
p o p u l a t i o n s .  
U l t i m a t e l y ,  t h e  number, p o s i t i o n ,  and s t a b i l i t y  of  e q u i l i -  
b r i a  w i l l  depend on t h e  m i g r a t i o n  model and on t h e  r e l a t i v e  
l o c a t i o n  of t h e  c i t i e s .  I t  i s  t h s e  f a c t o r s  t h a t  de te rmine  f i j .  
Note t h a t  l i m i t  c y c l e s  around an u n s t a b l e  e q u i l i b r i u m  p o i n t  
w i l l  n o t  be  ex p ec t ed  t o  occu r .  One o f  t h e  boundary e q u i l i b r i a  
i s  always s t a b l e ,  implying t h a t  t h e  ~ o i n c a r g - ~ e n d i x  theorem, 
which would deduce t h e  d x i s t e n c e  o f  a  l i m i t  c y c l e ,  c anno t  be 
a p p l i e d  ( c f .  Weidl ich  and Haag 1980 ) .  Not ice  a l s o  t h a t  t h e  
a n a l y s i s  i s  somewhat more compl ica ted  i f  y i s  ze ro  i n  some j  
c i t i e s  ( c o r o l l a r y  5 of  Appendix D ) .  H e r e ,  f o r  example, s t a b i l i t y  
o f  a t  l e a s t  one  boundary e q u i l i b r i u m  p o i n t  i s  n o t  gua ran t eed ,  
and t h u s  t h e  p o s s i b i l i t y  o f  l i m i t  c y c l e s  canno t  be r u l e d  o u t .  
5. GENERALIZATIONS 
The model examined in detail in this paper has represented 
the rate of migration between two regions as: 
In the model with natural increase, the proof of the existence 
of simple dynamic equilibria depended crucially on this speci- 
fication, because of the necessity to show that dn./dt is homo- 
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geneous of order one (Appendix C). However, it seems possible 
that this assumption may be relaxable to allow any functional 
form of the distribution component of themigration model, of 
the form: 
m (t) = nithi(n 
i j jtffij t 1 / k 1 hi bktffik (t) ) ( 5 9 )  
Here hi could be any function relating n and f i j  One j t 
example is a generalized gravity or intervening opportunity 
type of model: 
The reason for believing that stable equilibria still exist 
for this more general model is because the normalization process 
guarantees that: 
implying that the sum of population change is homogeneous of 
degree one: 
A formal proof of this would require a relaxation of (a) in 
Appendix C in proving theorem 1 there. If this speculation 
is correct, it would suggest that any empirically useful model 
of migra t ion  behavior may be used f o r  h .  (n  f .  . ) ,  and t h e  
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e x i s t e n c e  of simple dynamic e q u i l i b r i a  would s t i l l  e x i s t .  
Whether such e q u i l i b r i a  a r e  s t a b l e ,  however, i s  another  ques- 
t i o n .  This  would depend on t h e  form taken  by t h e  Jacobean 
mat r ix .  S i m i l a r l y ,  i n  t h e  model wi th  l i m i t s  t o  growth, t h e  
s t a b i l i t y  of t h e  boundary e q u i l i b r i a ,  and t h e  e x i s t e n c e  and 
s t a b i l i t y  of  i n t e r i o r  e q u i l i b r i a ,  would depend on t h e  func t ion  
chosen f o r  h i ( n j t f f i j  ( t ) )  - 
In t roduc ing  an exponent exceeding one on nit i n  equa t ion  
( 5 9 ) ,  however, would seem t o  i n t roduce  t h e  same problems a s  
e x i s t  i f  homogeneity of o r d e r  g r e a t e r  t han  one i s  assumed i n  
theorem 1 of Appendix C .  
I n  t h i s  c a s e ,  
and even t h e  e x i s t e n c e  of s imple  dynamic e q u i l i b r i a  f o r  t h e  
model wi th  n a t u r a l  i n c r e a s e  becomes ques t ionab le .  
A second g e n e r a l i z a t i o n  of t h e  i n v e s t i g a t i o n  here  i s  t o  
examine o t h e r  problems of spat io- temporal  change than  migra t ion .  
Examples a r e  t h e  dynamics of commodity f lows ,  in format ion  d i f u s -  
s i o n ,  and i n d i v i d u a l  s p a t i a l  behavior .  Any model of t h e  follow- 
i n g  form: 
has  t h e  dynamic p r o p e r t i e s  shown i n  t h i s  paper .  
Here I i j  ( t )  
i s  a  s p a t i a l  f low from i t o  j  a t  t ime t ,  and s r e p r e s e n t s  a  j t 
s p a t i a l  s tock  a t  l o c a t i o n  j ,  t ime t .  and ei  a r e  parameters .  
F i n a l l y ,  t h e r e  i s  no reason t o  r e s t r i c t  t h e  i n d i c e s  i and 
j  t o  r e f e r  on ly  t o  l o c a t i o n .  For i n s t a n c e  they could r e p r e s e n t  
any s t a t e s  i n  a  m u l t i - s t a t e  demographic, economic, o r  s o c i o l o g i c a l  
model f o r  which e q u a t i o n s  ( 6 4 )  and ( 6 5 )  h o l d .  Indeed V o l t e r r a  
(1939; see a l s o  Rugh 1981) o r i g i n a l l y  developed a  q u a d r a t i c  
model of  m u l t i - s t a t e  dynamics f o r  t h e  s i m p l e  r e a s o n  t h a t  i n c o r -  
p o r a t i n g  second o r d e r  polynomial  r e l a t i o n s h i p s  c o u l d  p r o v i d e  
a  b e t t e r  approx imat ion  t o  some g e n e r a l  n o n - l i n e a r  dynamic model 
t h a n  would a  l i n e a r  model. I n  t h i s  s e n s e ,  t h e  u s e  of  a  model 
o f  t h e  t y p e  a n a l y z e d  i n  t h i s  p a p e r  can  be r e g a r d e d  a s  a  n a t u r a l  
g e n e r a l i z a t i o n  o f  l i n e a r  m u l t i - s t a t e  models w i t h  c o n s t a n t  
t r a n s i t i o n  r a t e s .  
6 .  CONCLUSIONS 
T h i s  p a p e r  h a s  examined t h e  e f f e c t s  of  i n c o r p o r a t i n g  s imple  
n o n - l i n e a r i t i e s  i n  a  model o f  m i g r a t i o n  r a t e s  on t h e  dynamics 
o f  p o p u l a t i o n  change i n  t h e  absence  of  age  d i s t r i b u t i o n s .  I n  
p a r t i c u l a r ,  g i v e n  a  set of  c i t i e s ,  t h e  dynamics and p r e d i c t a b i -  
l i t y  of  a  c i t y  s i z e  d i s t r i b u t i o n  i s  t h e  s u b j e c t  o f  i n v e s t i g a -  
t i o n .  
I n  t h e  c a s e  of  z e r o  p o p u l a t i o n  growth w i t h  c o n s t a n t  mobil- 
i t y  r a t e s ,  t h e  e x i s t e n c e  of  one s t a t i c  e q u i l i b r i u m  c i t y  s i z e  
d i s t r i b u t i o n  i s  g u a r a n t e e d .  However, s t a b i l i t y  i s  a n o t h e r  
i s s u e .  Indeed i n  t h e  two c i t y  c a s e  it was shown t h a t  t h e  more 
p l a u s i b l e  s c e n a r i o  of  m i g r a t i o n  behav io r  ( i n t r a - u r b a n  m i g r a t i o n  
exceeds  i n t e r - u r b a n  m i g r a t i o n )  t h a t  t h e  e q u i l i b r i u m  i s  u n s t a b l e .  
T h i s  t e n d s  t o  s u p p o r t  t h e  c o n j e c t u r e  (Sheppard 1982) t h a t  t h e  
c o n c e p t  o f  a  s t a b l e  c i t y  s i z e  d i s t r i b u t i o n  i s  c a l l e d  i n t o  ques-  
t i o n  once n o n - l i n e a r i t i e s  i n  m i g r a t i o n  b e h a v i o r  a r e  a l lowed f o r .  
When n a t u r a l  i n c r e a s e  i s  i n t r o d u c e d  w i t h  c o n s t a n t  m o b i l i t y  
r a t e s ,  i t  seems t h a t  a  number o f  e q u i l i b r i u m  c i t y  s i z e  d i s t r i b u -  
t i o n s  e x i s t ,  i n  c o n t r a d i s t i n c t i o n  t o  t h e  e x p e c t a t i o n  t h a t  
g e n e r a l l y  o n l y  one w i l l  e x i s t  i n  t h e  p r e v i o u s  c a s e .  On t h e  
one hand, t h i s  f z c t  a l o n e  shou ld  i n c r e a s e  t h e  p r o b a b i l i t y  t h a t  
a t  l e a s t  one such  d i s t r i b u t i o n  i s  s t a b l e .  Thus n o n - l i n e a r i t i e s  
h e r e  would c e r t a i n l y  n o t  p r e c l u d e  a  s t a b l e  c i t y  s i z e  d i s t r i b u t i o n .  
However, t h e r e  i s  a l s o  t h e  l i k e l i h o o d  t h a t  s e v e r a l  c i t y  s i z e  
d i s t r i b u t i o n s  r e p r e s e n t  s t a b l e  e q u i l i b r i a ,  which makes it 
h a r d e r  t o  p r e d i c t  t h e  outcome. Fur thermore ,  once endogenously 
determined m o b i l i t y  r a t e s  a r e  i n t r o d u c e d ,  t h e n  it seems q u i t e  
l i k e l y  t h a t  few o r  no such e q u i l i b r i a  e x i s t .  T h i s  i s s u e  c e r -  
t a i n l y  r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n .  
I n t r o d u c i n g  l i m i t s  t o  growth i m p l i e s  a g a i n  t h a t  a t  l e a s t  
one s t a b l e ,  s t a t i c ,  c i t y  s i z e  d i s t r i b u t i o n  e x i s t s .  However, 
t h i s  one i s  b a s i c a l l y  de te rmined  by t h e  exogenously  i n t roduce d  
growth l i m i t s ,  s o  it r e v e a l s  no th ing  abou t  now c i t y  s i z e  d i s -  
t r i b u t i o n s  a r e  g en e r a t ed  a s  a  r e s u l t  of  i n t e r - u r b a n  and r u r a l -  
urban migra t ions . .  Other  s t a t i c  e q u i l i b r i a  may a l s o  e x i s t ,  i f  
some c i t i e s  e x h i b i t  n e g a t i v e  r a t e s  of  n a t u r a l  p o p u l a t i o n  change.  
These w i l l  n o t  be f i x e d  by t h e  exogenously imposed l i m i t s ,  b u t  
once a g a i n  t h e  p o s s i b i l i t y  of  m u l t i p l e  s t a b l e  c i t y  s i z e  d i s t r i b u -  
t i o n s  i s  r e a l .  
From t h e  p o i n t  of  view of  c i t y  s i z e  d i s t r i b u t i o n s ,  t h e n ,  
a  s i n g l e  s t a b l e  d i s t r i b u t i o n  can no l o n g e r  be  gua ran t eed ,  b u t  
i s  a l s o  n o t  p r ec l u d ed ,  once n o n - l i n e a r i t i e s  i n  m i g r a t i o n  a r e  
a l lowed .  A s  t o  t h e  shape o f  such d i s t r i b u t i o n s  however, no th ing  
u s e f u l  can  be deduced from t h i s  a n a l y s i s ,  e x c e p t  a  con f i rma t ion  
of  t h e  n o t i o n  t h a t  no s i n g l e  shape can be expec ted  (Sheppard 
1 9 8 2 ) .  The shape  w i l l  depend on m i g r a t i o n  behav io r  and on t h e  
r e l a t i v e  l o c a t i o n  of  c i t i e s ,  a s  exp re s sed  i n  t h e  v a r i a b l e s  r i 
( m o b i l i t y  r a t e )  and f  ( t h e  r a t e  of  m i g r a t i o n  from c i t y  i t o  i j  
c i t y  j ,  when b o t h  c i t i e s  a r e  of  u n i t  s i z e ) .  
From t h e  p o i n t  o f  view of deve lop ing  p o p u l a t i o n  f o r e c a s t s ,  
t h e  p o s s i b i l i t y  of m u l t i p l e  s t a b l e  e q u i l i b r i a  once n o n - l i n e a r i t i e s  
a r e  a l lowed i n  t r a n s i t i o n  r a t e s  may have s i g n i f i c a n t  i m p l i c a t i o n s .  
A s  s u g ges t ed  i n  t h e  p a p e r ,  t h e  outcome of  p o p u l a t i o n  change when 
m u l t i p l e  s t a b l e  e q u i l i b r i a  e x i s t  can  l e a d  t o  d i f f e r e n t  l ong  run 
b e h a v i r  a s  a  r e s u l t  o f  r e l a t i v e l y  sma l l  and u n c o n t r o l l a b l e  f l u c -  
t u a t i o n s .  I f  s o ,  t h en  t h e  most a c c u r a t e  p r e d i c t i o n  of  m i g r a t i o n ,  
b i r t h  and d e a t h  r a t e s  would n o t  be enough t o  g e n e r a t e  a  g e n e r a l  
p o p u l a t i o n  f o r e c a s t  t h a t  i s  a c c u r a t e ,  o r  even approx imate ly  
a c c u r a t e .  T h i s  would s u g g e s t  a  d i f f e r e n t  s t r a t e g y  f o r  p o p u l a t i o n  
f o r e c a s t i n g .  I n s t e a d  o f  c o n c e n t r a t i n g  on a  s i n g l e  l ong  run  pop- 
u l a t i o n  d i s t r i b u t i o n ,  it would be n e c e s s a r y  t o  a t t e m p t  t o g e n e r a t e  
the full range of possible stable distributions in a way suggested 
by the analyses here. The differences between these forecasts 
(which can be large) can then be evaluated, and an attempt made 
to evaluate the probability that each outcome will occur, given 
the current population distribution and a model of non-stationary 
transition rates. Perhaps the central message here is that the 
likely long-run outcome will depend on the initial population 
distribution as well as the model of transitions, in contradis- 
tinction to the linear case where only the latter information 
is required. 
APPENDIX A: Choice of a  Func t iona l  Form f o r  Migrat ion 
Okabe (1979) has  publ i shed  a  paper on urban popula t ion  
dynamics where t h e  fo l lowing  f u n c t i o n a l  form was used ( s e e  
a l s o  Wikdar and Karmeshu, 1982) :  
* * dn.  / d t  = Binit + ( M ~ ~  ( t)  - M i j  ( t ) )  It 
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where 
* a y -k 
M i j  ( t )  = Ginit n j t  d i j  
( A .  1 )  
( A .  2 )  
Model ( A . 1 )  i s  c o n s i s t e n t  i n  t h e  sense  t h a t  t o t a l  popula t ions  
a r e  accounted f o r :  
a s  can be seen by summing equa t ion  (A. l )  ove r  i. However, a s  
Ledent (1978) n o t e s ,  t h e r e  i s  no reason why t h e  sum of ou t -  
migrants  should be l e s s  than  o r  equa l  t o  t h e  t o t a l  popula t ion  
i n  i. A s  a  r e s u l t ,  more people may move from a  c i t y  than  
a c t u a l l y  l i v e  t h e r e ,  and popula t ions  f o r  i n d i v i d u a l  c i t i e s  
would b e  n e g a t i v e .  Both of  t h e s e  r e s u l t s  a r e  c l e a r l y  un- 
d e s i r a b l e .  I n  a d d i t i o n ,  model ( A .  1  ) assumes t h a t  t h e  e n t i r e  
p o p u l a t i o n  i s  mobi le .  No d i s t i n c t i o n  i s  made between s t a y e r s  
and m i g r an t s  t h a t  s t a y  w i t h i n  a  c i t y ;  t h e  sum of  t h e  two i s  
supposed t o  b e  c a p t u r e d  by M : ~ .  I n  con t inuous  t i m e ,  however, 
such a  presumption i s  c l e a r l y  u n r e a l i s t i c .  I t  seems more 
r e a s o n ab l e  t o  i n t r o d u c e  a  r a t e  o f  m o b i l i t y ,  ri, s t a t i n g  what 
f r a c t i o n  o f  t h e  p o p u l a t i o n  i n  c i t y  i a r e  mig ran t s  a t  any one 
t i m e ,  and t o  s e p a r a t e  m i g ran t s  from non-migrants .  
Ledent  (1978) i n t r o d u c e s  t h i s  m o d i f i c a t i o n ;  and indeed 
c o n s t r a i n s  t h e  v a l u e s  of  r s o  t h a t  t h e  sum of s t a y e r s  of  i 
o u t m i g r an t s  e q u a l s  t h e  t o t a l  p o p u l a t i o n  f o r  each c i t y .  The 
r e s u l t i n g  model i s  t h e  one used i n  t h i s  paper  (Leden t ,  1978, 
m i j  ( t )  = f i j  n  n  / 1 n  it  j t  k t  f i k  ( A . 4 )  
However, Ledent  chooses  n o t  t o  model m i g r a t i o n s  d i r e c t l y  u s ing  
t h i s  form, b u t  r a t h e r  t o  use  e q u a t i o n  ( A .  1 )  i n  combinat ion  
w i t h  a  second c o n s t r a i n t  e q u a t i o n  ensu r ing  t h a t  m ig ran t s  e q u a l  
t h e  t o t a l  p o p u l a t i o n .  The s t r a t e g y  i s  t h e n  t o  model t h e  dyna- 
mics by i t e r a t i n g  between t h e  c o n s t r a i n t  e q u a t i o n  and t h e  
e q u a t i o n  f o r  p o p u l a t i o n  dynamics (Leden t ,  1978, p . 1 4 ) .  Th i s  
i s  c l e a r l y  r a t h e r  cumbersome. 
The second approach t o  t h i s  problem is  used by DePalma 
(1982) : 
C s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  w i j  = 1 .  See a l s o  Weidrich 
and Haag (1980) and Papageorgiou (1982) f o r  s i m i l a r  formula- 
t i o n s .  I n  t h i s  c a s e  t h e  c o n s t r a i n t  on w i j  e n s u r e s  t h e  con- 
s i s t e n c y  m i s s i n g  i n  Okabe's  model. Indeed an  a p p r o p r i a t e  
c h o i c e  of c o n s t a n t  G i  i n  (A.2) would c o n v e r t  ( A . 1 )  i n t o  t h e  
form of  (A.5) . Equat ion (A.5) r e s u l t s  from t h e  c l a s s i c  
Kolmogorov e q u a t i o n s  o r  p r o b a b i l i t y  t h e o r y .  
However, once w j i  i s  t i m e  v a r i a n t  (due t o  a  dependence 
on p o p u l a t i o n )  v e r s i o n  (A.5) is  a l s o  d i f f i c u l t  t o  hand l e  
a n a l y t i c a l l y  i f  t h e  a cco un t i ng  i d e n t i t y  on mig ran t s  i s  t o  
be  r e t a i n e d .  Th i s  i s  because  t h e  dynamics o f  t h e  c o n s t r a i n t  
e q u a t i o n s  must a l s o  be modeled. 
I n  t h i s  p a p e r ,  t h e  v e r s i o n  g iven  by ( A . 4 )  w i l l  be d i r e c t l y  
ana lyzed  ( c f .  a l s o  DePalma and L e fev re ,  1982 ) .  I t  h a s  t h e  
advantage  t h a t  t h e  c o n s t r a i n t  e q u a t i o n  i s  i n c o r p o r a t e d  d i r e c t l y  
i n t o  t h e  m i g r a t i o n  f u n c t i o n ,  e n s u r i n g  t h a t  t h e  accoun t i ng  re- 
l a t i o n s  a r e  c o n t i n u a l l y  s a t i s f i e d .  D e s p i t e  t h e  r e l a t i v e l y  com- 
p l e x  n a t u r e  o f  ( A . 4 )  a s  compared t o  ( A . 2 ) ,  i t  t u r n s  o u t  t h a t  
t h i s  does  n o t  g r e a t l y  h i n d e r  t h e  s e a r c h  f o r  a n a l y t i c a l  r e s u l t s .  
APPENDIX B: Equilibrium and Stability for the AGP Model 
Consider the matrix M of equation (29) : 
- 
THEOREM 1 .  M has  a t  l e a s t  one e i g e n v a z u e  e q u a l  t o  o n e .  
- 
P r o o f .  If 
* ( M -  1 ) ~  = 0 
- - 
then M must have an eigenvalue of one; or equivalently M - I 
- - - 
must be singular. Define F-' = G. Then: 
- - 
Theref ore 
Det (M - I) = Det [ (H) (R) - GI .Det F 
- - - % - - 
(B 3 )  
Thus if [(H) (R)-' - GI is singular, so is (M - I), since in each 
- - - - - 
case the determinant will be zero. Define Q = [ (H) (R) - ' - GI . 
% .., - - 
Then Q has e lements :  
- 
q i  i = L rkqki/ri k f i  
Now c r e a t e  t h e  v e c t o r  y ,  with  elements u i  de f ined  a s :  
- 
Thus - y i s  t h e  sum of a l l  rows of Q except  f o r  t h e  j - th  row, 
each row i being  f i r s t  weighted by -ri. S u b s t i t u t i n g  ( B .  4 )  
and (B.5) i n t o  ( B . 6 ) :  
= - - 
"i 1 rkgki  + 1 'rnqmi - -,gji ( i f j )  ( B . 7 )  k f i  m f i , j  
= 1 r k g k j  
k f j  
But from t h e  d e f i n i t i o n  of Q [equa t ions  ( B . 4 )  and ( B . 5 ) ] ,  i f  1-1 
- - 
i s  d iv ided  by r t hen  LI becomes simply t h e  j - th  row of Q.  Thus j  - - 
t h e  j - t h  row of  Q i s  a  l i n e a r  combination of t h e  o t h e r  rows. I t  
- 
then  fol lows t h a t  Q has  a  ze ro  de te rminant  and i s  t hus  s i n g u l a r .  
- 
THEOREM 2 .  I f  M i s  i ndecomposab le  and p r i m i t i v e ,  t h e n  t h e  
- 
e q u i l i b r i u m  v e c t o r  - n* i s  t h e  r i g h t  hand e i g e n v e c t o r  a s s o c i a t e d  
w i t h  t h e  l a r g e s t  e i g e n v a l u e  o f  M .  - T h i s  l a r g e s t  e i g e n v a l u e  i s  
e q u a l  t o  o n e ,  and no o t h e r  e i g e n v a l u e  i s  a s  l a r g e .  Then t h e  
i n t e r n a l  e q u i l i b r i u m  v e c t o r  i s  u n i q u e .  (This  g e n e r a l i z e s  a  
r e s u l t  of Ledent (1978, p . 3 4 ) ) .  
P r o o f .  M i s  non-negative (equa t ion  ( B  . l )  , and by assump- 
.., 
t i o n  indecomposable and p r i m i t i v e .  For such a  ma t r ix ,  from 
the Perron-Frobenius theorems, the eigenvector associated with 
the largest eigenvalue is strictly positive. But we know by 
Brounier fixed point theorem that a nonnegative equilibrium 
vector exists, and we know from equation (29) that it is an 
eigenvector of M. Finally, only one eigenvector of M may be 
... ... 
non-negative due to the orthogonality of eigenvectors in a 
primitive matrix. Therefore the equilibrium vector is given 
by the eigenvector associated with the largest eigenvalue of 
M, and that eigenvalue equals one. If M is primitive, no 
... ... 
other eigenvalue is as large. Therefore only one eigenvalue 
of M equals one, ane the equilibrium associated with that 
... 
eigenvalue is unique. 
THEOREM 3. The stability of the equilibrium point in the 
ZPG model depends o n  the eigenvalues of: 
J I  is the Jaeobian of the ZPG model. 
.., 
In the above theorem; 
(n*) is a diagonal matrix with the elements of n* on the main 
.., - 
diagonal, and (Y) is a diagonal matrix with the row sum of the 
... 
i-th row of X in the i-th diagonal entry. 
- 
Proof. Define: 
Then 
(B. 11) 
(B.  12) 
Now, if k # j :  
But 
Substituting (B. 13) and (B. 14) into the definition of the 
Jacobian matrix gives rise to equation (B.9). QED. 
LEMMA 1. The s t a b i l i t y  o f  e q u i l i b r i u m  d e p e n d s  o n  t h e  
g e o g r a p h y  o f  m i g r a t i o n ,  F ,  and t h e  m o b i l i t y  r a t e s  ( R ) .  
-. -. 
P r o o f .  Expanding (B.9) to incorporate the definition of 
21 = [I- (n*) F f  (A) -'I (R) (n*)~-'F - (Y) - (R) - - - .  - . - . - . - .  -. -. (B. 15) 
Recalling the definitions of (Y) and of n* completes the proof. 
-. 
- 
A P P E N D I X  C :  Eq u i l i b r i um and S t a b i l i t y  f o r  t h e  Model 
w i t h  Na tu r a l  I n c r e a s e  
Preliminaries. Cons ider  t h e  f u n c t i o n  S . ( n )  o f  e q u a t i o n  
I - 
( 4 4 )  : 
I t  can be shown t h a t :  
( a )  S ( n )  - 2 0  i f  - n - > 0 .  See t h e  e q u a t i o n s  ( 1 9 ) - ( 2 1 ) .  
n  ( b )  S  ( n )  - i s  a  con t inuous  mapping from R+ R:. 
( c )  S  ( n )  - is  homogeneous o f  t h e  f i r s t  o r d e r :  
where a i s  a  s c a l a r  c o n s t a n t .  
(d l  S ( n )  - i s  monotonic,  i n  a  weak s e n s e  (Nika ido ,  1968, 
p . 1 5 0 ) :  i . e . ,  i f  t h e r e  a r e  two p o p u l a t i o n  v e c t o r s  
n ,  - m; - whose n  > m ,  b u t  w i t h  ni = mi = n  f o r  some i,  
- - -  
t h e n  Si ( n )  - 2 Si ( m )  . This  i s  because:  
Suppose n  > m f o r  a l l  j # i. Then, w i t h i n  t h e  s q u a r e  j -  j 
b r a c k e t s ,  t h e  second and t h i r d  terms on each  s i d e  o f  
t h e  i n e q u a l i t y  a r e  e q u a l ,  b u t  t h e  f i r s t  t e r m  on t h e  
l e f t  hand s i d e  i s  g r e a t e r  t h a n  t h a t  on t h e  r i g h t  hand 
s i d e .  
(e )  S(;) c an  be  s a i d  t o  be indecomposable a cco rd ing  t o  t h e  
d e f i n i t i o n  o f  Nikaido (1968, p . 1 5 6 ) .  Th i s  r e q u i r e s  
t h a t ,  f o r  t h e  c a s e  o u t l i n e d  i n  ( d )  above,  
f o r  a t  l e a s t  some e lements  i from t h e  se t  o f  e lements  
where ni = mi. This  was proven f o r  a l l  i i n  t h i s  set  
i n  t h e  a n a l y s i s  of  t h e  i n e q u a l i t y  of p o i n t  ( d ) .  
THEOREM 1.  T h e r e  e x i s t s  a t  Z e a s t  one s o l u t i o n  k > 0, n*> 0 
- 
t o  t h e  e q u i l i b r i u m  e q u a t i o n  ( 4 5 ) :  A t  Z e a s t  one s t a b l e  popula-  
t i o n  dynamic e q u i l i b r i u m  e x i s t s .  
P r o o f .  Due t o  p r o p e r t i e s  ( a )  and ( b ) ,  a t  l e a s t  one so lu -  
t i o n  t o  (45)  e x i s t s  (Nikaido,  1968, theorem 10.1 ) . Due t o  
p r o p e r t i e s  ( a ) ,  ( c )  , ( d )  , and (e )  , a l l  s o l u t i o n s  k ,n*  t o  equa- 
- 
t i o n  (45)  y i e l d  p o s i t i v e  v a l u e s  f o r  t h e  non - l i nea r  e i genva lue  
and e i g e n v e c t o r  (Nika ido ,  1968, theorem 1 0 . 4 ) .  QED. 
THEOREM 2 .  No s t a t e  o f  g e o g r a p h i c a l l y  v a r y i n g  growth  
r a t e s  can  r e p r e s e n t  a  dynamic e q u i l i b r i u m  growth r a y .  
P r o o f .  From e q u a t i o n  ( 4 3 ) ,  and e q u a t i o n  ( 4 4 ) :  
-1 
where Ln - i s  t h e  v e c t o r  [d l o g n , / d t  ... d l o g n J / d t l .  E q u a t i n g  
(C.2)  and  (C.3)  it i s  o b v i o u s  t h a t  t h i s  e q u a t i o n  c a n  o n l y  
h o l d  f o r  a n  i n s t a n t  o f  t i m e ,  s i n c e  (C.3)  depends  on  t h e  t i m e -  
v a r y i n g  v e c t o r  ;I, whereas  ( C . 2 )  i s  t i m e  i n v a r i a n t .  But  f o r  
a r e l a t i o n s h i p  t o  r e p r e s e n t  dynamic e q u i l i b r i u m  it must p e r s i s t  
i n  t i m e ,  i n  t h e  a b s e n c e  o f  e x t e r n a l  s h o c k s .  QED. 
THEOREM 3.  The s t a b i l i t y  o f  s t a b l e  p o p u l a t i o n  dynamic 
e q u i l i b r i u m  i n  t h e  model o f  p o p u l a t i o n  change  w i t h  n a t u r a l  
i n c r e a s e  depends  on t h e  e i g e n v a l u e s  o f :  
:2 = ( R )  . X  - X I  ( R )  (n*)X - - - - - -  
P r o o f .  The J a c o b i a n  o f  t h e  s y s t e m  ( 4 6 )  i s  t h e  m a t r i x  o f  
p a r t i a l  d e r i v a t i v e s  36, (n* )  - / an  , where j 
Now 
- 1 
where xi = f  . . A  . Thus i n  m a t r i x  form: 
11 i 
J2 = ( R )  X - X I  ( R )  (n* )  X - - . . - - -  
APPENDIX D: Equilibrium and Stability for the Model 
with Limits to Growth 
THEOREM 3 .  Four t y p e s  o f  e q u i l i b r i u m  s o Z u t i o n s  e x i s t :  
a )  n* . = 4 :  f o r  a l l  j 
b )  n* = 0 f o r  a l l  j 
j 
c )  n* e q u a l s  z e r o  f o r  some c i t i e s ,  and e q u a l s  q  f o r  
j j 
a l l  o t h e r  c i t i e s  
d )  An i n t e r i o r  e q u i l i b r i u m  e x i s t s  s u c h  t h a t ,  f o r  some 
c i t i e s :  
O f  t h e s e  f o u r ,  t y p e s  a !  t o  c )  a l w a y s  e x i s t ,  b u t  d )  may 
o r  may n o t  e x i s t .  
P r o o f .  A vector of populations - n* represents a static 
equilibrium solution to this model if: 









